Introduction
Let (M, g) be a C ω -Riemannian manifold, where C ω means the real analyticity. The complexification of (M, g) is defined as follows. Let T M be the tangent bundle of M and J A be the adapted complex structure (associated to g) defined on a tubular neighborhood U A of the zero section of T M , where we note that J A is defined on the whole of T M (i.e., U A = T M ) when (M, g) is of non-negative curvature. See [Sz] and [GS1, GS2] about the definition of the adapted complex structure. The complex manifold (U A , J A ) is regarded as the complexification of (M, g) under the identification of the zero-section of T M with M . Let G/K be a symmetric space of compact type. Since G/K is a C ω -Riemannian manifold of non-negative curvature, the adapted complex structure J A of G/K is defined on the whole of the tangent bundle T (G/K). As above, (T (G/K), J A ) is regarded as the complexification of G/K. We also can define the complexification of G/K as follows. Let G C and K C be the complexifications of G and K, respectively. Denote by g, k, g C and k C be the Lie algebras of G, K, G C and K C , respectively. Let g = k ⊕ p and g C = k C ⊕ p C be the canonical decompositions associated to the semi-simple symmetric pairs (G, K) and (G C , K C ), respectively. Here we note that p and p C are identified with the tangent spaces T eK (G/K) and T eK C (G C /K C ), respectively. For the simplicity, set o := eK C (= eK). Define a complex linear transformation j of p C by j(v) := √ −1v (v ∈ p C ). Since j is Ad G C (K C )-invariant, we can define G C -invariant complex structure J of G C /K C satisfying J o = j uniquely, where Ad G C denotes the adjoint representation of G C . The complex manifold (G C /K C , J) is regarded as another complexification of G/K under the identification of the orbit G · o with G/K. We can define a natural holomorphic diffeomorphism between two complexifications (T (G/K), J A ) and (G C /K C , J) of G/K as follows. Let B be the Killing form of g and set β A := 2Re B C . Since β is Ad G C (K C )-invariant, we can define G C -invariant pseudo-Riemannian metric g A of G C /K C satisfying (g A ) o = β A uniquely. The pseudo-Riemannian manifold (G C /K C , g A ) is one of semi-simple pseudo-Riemannian symmetric spaces. Also, the triple (G C /K C , J A , g A ) gives an anti-Kaehler manifold. See [K1] about the definition of the anti-Kaehler manifold. Denote by Exp p the exponential map of (
where v in the right-hand side is regarded as a tangent vector of the submanifold G · o(≈ G/K) in G C /K C and Exp p is the exponential map of the anti-Kaehler manifold (G C /K C , β A ) at p(∈ G C /K C ). It is shown that Ψ is a holomorphic diffeomorphism between (T (G/K), J A ) and (G C /K C , J) (see Section 2 about the proof of this fact). Thus these two complexifications of
In 1993, M. B. Stenzel ( [St] ) gave a construction of G-invariant complete Ricciflat metrics on the cotangent bundle of a rank one symmetric space G/K of compact type, where we note that the cotangent bundle is identified with the tangnet bundle naturally. In 2004, R. Bielawski ([B2] ) gave a construction of G-invariant Ricci-flat metrics on the complexification (G C /K C , J) of a general rank symmetric space G/K of compact type, where G, K and G C are assumed to be connected. Recently, we [K4] gave another construction of Ricci-flat metrics on (G C /K C , J) (or an open domain of G C /K C ). In this paper, we give constructions of G-invariant Calabi-Yau structures on the open dense subset (G C /K C ) \ (G/K) of the complexification G C /K C of a symmetric space G/K of compact type.
Basic notions and facts
In this section, we first recall the adapted complex structure of the tangent bundle of complete C ω -Riemanninan manifold (M, g), which was introduced by R. Szöoke ( [Sz] ) and V. GS2] ), and show that Ψ stated in Introduction is a holomorphic diffeomorphism. For each geodesic γ :
where T M is the tangent bunndle of M and γ ′ (s) is the velocity vector of γ at s. Then V. Guillemin and M. B. Stenzel showed that there exists a unique complex structure J A of T M such that, for any geodesic γ : R → M in (M, g), γ * : C → (T M, J A ) is holomorphic. This complex structure is called the adapted complex structure of T M associated to g.
Proposition 2.1. Let G/K be a symmetric space of compact type and
Proof. It is clear that Ψ is a diffeomorphism. We shall show that Ψ is holomorphic. Let γ : R → G/K be a geodesic in G/K and set γ C := Ψ • γ * . Then we have
which is the complexification of the geodesic γ in G/K(≈ G · o ⊂ G C /K C )) in the sense of [K2, K3] . By using Proposition 3.1 of [K3] , we can show that γ C : C → (G C /K C , J) is holomorphic. This fact together with the arbitrariness of γ implies that Ψ is holomorphic.
Remark 2.1. In [K4] , this fact was stated but the proof was not given.
Let G/K be a symmetric space of compact type and (G C /K C , J) be the complexification of G/K. Let ψ : G C /K C → R be a strictly plurisubharmonic function over G C /K C , where we note that "strictly plurisubharmonicity" means that the Hermitian matrix ∂ 2 ψ ∂z i ∂z j is positive (or equivalently, (∂∂ψ)(Z, Z) > 0 holds for any nonzero (1, 0)-vector Z). Then ω ψ := √ −1∂∂ψ
is a real non-degenerate closed 2-form on G C /K C and the symmetric (0, 2)tensor field β ψ associated to J and ω ψ is positive definite. Hence (J, β ψ ) gives a Kaehler structure of G C /K C . Thus, from each strictly plurisubharmonic function over G C /K C , we can construct a Kaehler structure of G C /K C . Denote by Exp p the exponential map of the anti-Kaehler manifold (G C /K C , β A ) at p(∈ G C /K C ) and exp the exponentional map of the Lie group G C . Set
We may assume that the metric of G/K is equal to β G/K by homothetically transforming the metric of G/K if necessary. On the other hand, the Riemannian manifold (G d /K, β G d /K ) is a (Riemannian) symmetric space of non-compact type. The orbit G · o is isometric to (G/K, β G/K ) and the normal umbrella
. Let a be a maximal abelian subspace of p, where we note that dim a = r. Denote by W the Weyl group of
) and the composition of the restriction map (which is denoted by
). Hence we suffice to construct Winvariant strictly convex functions over D or K-invariant strictly convex functions over U 2 (D) to construct strictly plurisubharmonic functions over
where ∇ denotes the Riemannian connection of β G d /K , (z 1 , · · · , z n ) is any complex coordinate of G C /K C . Note that the right-hand side of (2.1) is independent of the choice of the complex coordinate (z 1 , · · · , z n ) of G C /K C . According to the result of [B1] , for any given
has a global K-invariant strictly convex C ∞ -solution.
Constructions of Calabi-Yau structures
In this section, we shall give constructions of Calabi-Yau sructures on open dense subset (G C /K C ) reg consisting of all regular points of G C /K C . First we define a natural G C -invariant non-vanishing holomorphic (n, 0)-form on G C /K C . Take an orthonormal base (e 1 , · · · , e n ) of p with respect to B and let (θ 1 , · · · , θ n ) be the dual base of (e 1 , · · · , e n ). Also, let (θ i ) C (i = 1, · · · , r) be the complexification of
Proof. First we note that (Je1, · · · , Jen) be an orthonormal base of T ⊥ p0 (G d /K) (⊂ T p0 (G · p 0 )). Let γ i (i = 1, · · · , n) be the geodesic in G d /K with γ ′ i (0) = e i and γ i (i = 1, · · · , n) be the geodesic in G · p 0 with γ ′ i (0) = Je i . It is easy to show that γ i is a geodesic in G C /K C . From this fact and the G-invariance of ρ h , we can show
Similarly, we can show ∇dρ h (Je i , Je j ) = ∇dρ h (Je i , e j ) = 0.
Hence we obtain (3.1)
From this relation, we can derive the desired relation.
Also, we can show the following fact.
where Z is a regular point (i.e., a point of a Weyl domain of √ −1a), p = Exp o (Z) and h is the second fundamental form of the orbit K ·p (⊂ G C /K C ).
Proof. Let (e 1 , · · · , e r ) be an orthonormal base of T p Σ(= √ −1a) and ( e 1 , · · · , e n−r ) be an orthonormal base of T ⊥ p Σ. Since Z is a regular point, T ⊥ p Σ is equal to T p (K · p). Let γ i (i = 1, · · · , r) be the geodesic in Σ with γ ′ i (0) = e i and γ i (i = 1, · · · , n − r) be the geodesic in K · p with γ ′ i (0) = e i . Then, since γ i (i = 1, · · · , r) is a geodesic in G d /K, we have
Similarly, we can show (∇ d dρ d ) p (e i + e j , e i + e j ) = (∇ 0 dρ) Z (e i + e j , e i + e j ). Hence, from the symmetricnesses of (∇ d dρ d ) p and (∇ 0 dρ) Z , we have
Similarly, we can show (∇ d dρ d ) p ( e i + e j , e i + e j ) = −dρ Z (h p ( e i + e j , e i + e j )).
Hence, from the symmetricnesses of (∇ d dρ d ) p and dρ Z (h p (·, ·)), we have (∇ d dρ d ) p ( e i , e j ) = −dρ Z (h p ( e i , e j ). The geodesic γ i is given as
for some w ∈ k. Define a vector field ξ j along γ i by ξ j (t) := exp(tw) * (e j ). It is shown that ξ j is a K-equivariant ∇ ⊥ -parallel normal vector field of K · p along γ i because K-action on G d /K is hyperpolar, where ∇ ⊥ is the normal connection of K · p. Since ρ d is K-invariant and ξ is ∇ ⊥ -parallel, we have
where A is the shape tensor of K · p. Set e i := e i (i = 1, · · · , r) e i−r (i = r + 1, · · · , n).
Then, from the above relations, we obtain
where the right-hand side of this relation is the direct sum of two matrices. Hence we can derive the desired relation.
For the simplicity, we denote √ −1p and √ −1a by p d and a d , respectively. For λ ∈ (a d ) * , we define p d λ and k λ by
is the root system. Let △ + be the positive root subsystem of △ with respect to some lexicographic ordering of (a d ) * . Then we have
where z k (a d ) is the cetralizer of a d in k. Set m λ := dim p d λ (λ ∈ △ + ). Let C(⊂ a d ) be a Weyl domain (i.e., a fundamental domain of the Weyl group action W a d ). Points of W · C and G · Exp o (W · C) are regular points. We call G · Exp o (W · C) the regular point set of G C /K C and denote it by (G C /K C ) reg . Also, w call K · Exp o (W · C) the regular point set of G d /K and denote it by (G d /K) reg . Note that (G C /K C ) reg (resp. (G d /K) reg ) is an open dense subset of G C /K C (resp. G d /K). . Furhtermore, they gave a one-to-one correspondence between the set of all 2-forms on G× C satisfying the conditions (1)−(6) and the set of all functions of C to some subalgebra of g satisfying four conditions (1)−(4) in Theorem 5.1 of [GGM] . Thus the classification of G-invariant Ricci-flat Kähler structures on (G C /K C ) reg is reduced to that of functions of C to some subalgebra of g satisfying four conditions (1)−(4) in Theorem 5.1 of [GGM] .
Let A be the shape tensor of the principal orbit K · Exp o (Z) (Z ∈ C) of the isotropy action K G d /K. For simplicity, set p := Exp o (Z). Then we have
Lemma 3.3([V]). For the shape operator A v (v ∈ a d ), the following relations hold:
id (λ ∈ △ + ).
As above, from ρ h , we can construct a Riemannian metric β ρ h on G C /K C and the Kähler form ω ρ h of the Kähler structure (J, β ρ h ). Take p = k · Exp o (Z) ∈ (G d /K) reg (k ∈ K, Z ∈ E · C). As in the proof of Proposition 3.2, we take an orthonormal base (e 1 , · · · , e r ) of T p Σ(= a d ) and an ortonormal base ( e 1 , · · · , e n−r ) of T ⊥ p Σ(= T p (K · p)). Set e i := e i (i = 1, · · · , r) e i−r (i = r + 1, · · · , n).
Let (z p 1 , · · · , z p n ) be a normal complex coordinate about p with respect to an orthonormal base ( e 1 , · · · , e n ) of p d . Let z p i = x p i + √ −1y p i (i = 1, · · · , n). Define a non-linear differential operator D : C ∞ (W · C) → C ∞ (W · C) of order one by
where X λ is the parallel vector field on a d defined by λ(·) = β 0 ((X λ ) Z , ·) (Z ∈ a d ) (Here we identify T Z a d with a d ). It is easy to show that D(C ∞ W (W · C)) ⊂ C ∞ W (W · C) holds. We can derive the following relations.
Lemma 3.4. (i) For β ρ h | G d /K , the following relations hold:
and
(ii) The following relation hold:
Proof. By simple calculations, we have
where 1 ≤ i, j ≤ n. From Lemma 3.3, we have
where pr λ is the orthogonal projection of p d onto p d λ . By replacing ( e 1 , · · · , e n−r ) by an orthonormal base of
consisting of unit vectors belonging to ∐ λ∈△+ exp(Z) * (p λ ), we have
where E m λ is the identity matrix of degree m λ . From (3.1), (3.2) and (3.4), we obtain
From these relations, we can derive the relations in the statements (i) and (ii).
We obtain the following fact.
Theorem 3.5. Assume that a W -invariant strictly convex C ∞ -function ρ : {0}) arising from η. Then the quadruple ( η * J, η * β ρ h , η * ω ρ h , η * Ω) gives a Calabi-Yau structure of (G C /K C ) \ (G · o).
Proof. Take any point p := k · Exp o (Z) of K · Exp o ((W · C) ∩ D) (k ∈ K, Z ∈ W · C) and an orthonormal base (e 1 , · · · , e n ) of p d with respect to β G d /K satisfying e i ∈ a d (i = 1, · · · , r). Let (z p 1 , · · · , z p n )) be the normal complex coordinate about p associated to (e 1 , · · · , e n ). Then we have (ω ρ h ) n p =(−1)
Ω p = (dz p 1 ∧ · · · ∧ dz p n ) p . Hence we obtain (3.7)
(ω ρ h ) n p = (−1)
On the other hand, from (3.5) and the assumption, we obtain
From (3.7) and (3.8), we obtain (3.9) (ω ρ h ) n p = (−1)
Since this relation (3.9) holds at any point of K · Exp o ((W · C) ∩ D), it follows from the continuities of ω ρ h and Ω that (3.9) holds on K · Exp o (D). From this fact, it follows that the quadruple ( η * J, η * β ρ h , η * ω ρ h , η * Ω) gives a Calabi-Yau structure of (
According to the Schwarz's theorem ( [Sc] ), the ring
By using Theorem 3.5, we can derive the following fact.
Theorem 3.6. Let f be a C ∞ -function on an open set V of R l . Assume that the matrix
where (x 1 , · · · , x r ) and (y 1 , · · · , y l ) are the natural coordinates of a d and R l , respectively. Let η be a W -equivariant diffeomor-
Proof. By a simple calculation, we have
Hence, by the assumption,
Hence, it follows that the index of the symmetric
On the other hand, by the assumption, the symmetric matrix
of index zero) at some point v 0 of (W ·C)∩ − → ρ −1 (V ). Therefore it is shown that this symmetric matrix funtion is positive at each point of (
On the other hand, from (3.7), (3.8) and (3.11), we can show that
). Furthermore, by the continuity of ω f • − → ρ and Ω, the relation (3.12) holds on − → ρ −1 (V ). From this fact, it follows that (f • ρ 1 ) h is strictly plurisubharmonic on G · Exp o ( − → ρ −1 (V )) and that the quadruple (η * J,
As the first generator ρ 1 of Pol W ( √ −1a), we take
Theorem 3.7. Let f be a C ∞ -function on an open interval I. Assume that ρ 1 · (f ′′ • ρ 1 ) · (f ′ • ρ 1 ) r−1 > 0 holds at some point of ρ −1 1 (I) and that (3.13)
Proof By a simple calculation, we have
From this relation and the assumption, it follows that
holds on (W · C) ∩ ρ −1 1 (I). By the same discussion as the second-half part of the proof of Theorem 3.6, we can derive the statement.
From this relation, we can derive lim (ii) Let v be a unit vector of a d and X w the parallel vector field on a d associated to a unit vector w of a d . Define the line c v in a d by c v (t) := tv. Then, by using Lemma 3.4, we can show
and β (f •ρ1) h ((X w ) cv (t) , (X w ) cv (t) ) = 1 2 · f ′ (t 2 ).
By using these relations, we can recognize the shape of the Riemannian manifold ((G C /K C ) \ (G · o), β (f •ρ1) h ) if the solution f of the ordinary differential equation (3.13) is described explicitly. Also, these relations will be used to investigate the extendability of β (f •ρ1) h to G C /K C and the completeness of the extended Riemannain metric (in the case where β (f •ρ1) h is extendable to G C /K C ).
We consider the case where G/K is one of rank one symmetric spaces, that is, the n-dimensional sphere S n (c) of constant curvature c, the n 2 -dimensional complex projective space CP n (c) of maximal sectional curvature 4c, the n 4dimensional complex projective space QP n (c) of maximal sectional curvature 4c or the Cayley plane OP 2 (c) of maximal sectional curvature 4c. Set
(when G/K = S n (c)) 1 (when G/K = CP n 2 (c)) 3 (when G/K = QP n 4 (c)) 7 (when G/K = CP 2 (c)).
Then we have the root space decomposition p = a ⊕ p √ cβ0(e,·) ⊕ p 2 √ cβ0(e,·) , where e is a unit vector of a (dim a = 1). Note that dim p 2 √ cβ0(e,·) = d. Then we can derive the following fact from Theorem 3.7. where C i (i = 1, 2) are any positive constants. Then (f • ρ 1 ) h is a G-invariant strictly plurisubharmonic C ∞ -function on (G C /K C )\(G·o) and the quadruple (J, β (f •ρ1) h , ω (f •ρ1) h , Ω) gives a Calabi-Yau structure of (G C /K C ) \ (G · o).
Proof. From the definition of f , we can show that ρ 1 · (f ′′ • ρ 1 ) > 0 holds at some point of a d \ {0} and that (3.13) (r = 1-case) holds on W · C. Therefore, from Theorem 3.7, we can derive the statement, where we note that we can take the identity transformation of a d \ {0} as η in Theorem 3.7 because of (ρ 1 ) −1 ((0, ∞)) = a d \ {0}.
